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lnthispaper,weemployameshlesspointinterpolationapproximationfbrthefield
variableinthenumericalimplementationoflocalintegralequations(LIEs)applied
to2-dtransientheatconductionproblemsinfimctionallygradedmaterials(FGMs)．
Then,theapproximationisinhercntlyconsistentandthesystemmatrixissparselike
instandardfiniteelementfbrmulation・ＩｎｃｏｎｔｒａｓｔｔｏｔｈｅｗｅａｋｆｂｒｍＦＥＭ

ｆｂｒｍulations，twokindsoftheintegralequationfbrmulationareapplied,Thetime

evolutionistreatedeitherbyusingthee-methodortheLaplacetransfbrmtechnique
supplementedwiththeStehfest，sinversionalgorithm・Themethodissufficiently
simpleandquitegeneral,Theaccuracyoftheproposedmethodistestedonseveral
examples､Comparisonismadewiththenumericalresultsbyusingstandarddomain
elementsinnumericalimplementationoftheLIEs・

ＫＧｙＷり砥：ContinuousNon-homogeneity，TransientProblems，Meshless
lnterpolation

１.Introduction

Withrccentdevelopmentand唾searchoffimctionally
gradedmaterials（FGMs)，problemsinnon‐
homogeneousmediahavegeneratednewinterest・Ｉｎ
ＦＧＭｓ，thecompositionandthevolumefractionofthe

FGMconstituentsvarygradually，givinganon-unifbrm
microstructurEwithcontinuouslygradedmacro‐
properties・Althoughtheversatileandwellestablished

finiteelementmethod(FEM)andtheboundaryintegral
equationmethod（BIEＭ）orboundaryelementmethod
(BEM)aIebasicallyapplicabletosuchproblems,some
difficultiesmayoccurinthenumericalanalysis・
Ｔｈｅｍａｉｎｇｏａｌｏｆｔｈｉｓｐａｐｅｒｉｓｔｏｐｍｐｏseandtesta
sufficientlysimplenumericaltechniqueappropriatefbr
solutionoftransientboundaIy-initialpmblemsinmedia
witharbitraryvariationofmaterialcoefficients，Inthis

study，weconfineto2-dtransientheatconduction
pmblems．

2.Formulationoftheproblem

Thetransientheatconductionequationisgｉｖｅｎｂｙ

(伽抑))j-p(x)・半=-"(x,'Ｌ（'）
ｉｎＱ×[０，Ｔ］，where脚(x,r）isthetemperaturefield，

え(x）isthethermalconductivity，ｐ(x）isthemass

density,cisthespecificheatperunitmassaｎｄｗ(x,r）

－７－

isthedensityofheatsources・Intheabsenceofheat

sources,thegovemingequationconvertstothediffUsion
the diffUsivityequationwithcoefficient

K(x)＝ﾉl(x)/ｐ(x)ｃ、Withoutlossofgenerality，we

assumew(x,r)＝Ｏｉｎｔｈｉｓｐａｐｅｒ､Ｉ、aninitial-boundary

valueproblem,oneshouldprescribetheinitialvalueof

thepotentialfield

〃(x’0)＝v(x）ａｔｘＥＱ，（２）

andtheboundaryvaluesofthepotentialortheflux

脚(叩,r)＝〃(叩,r）ａｔｎＥａＱＤ，

一"j(､)え(n皿,i(11,r)＝ｩ(叩,r）ａｔｎＥ６Ｑﾉｖ (3)

ｗｈｅｒｅａＱＤａｎｄａＱﾉvaIctheDirichletandNeumann

partsoftheglobalboundaIy6QofthedoｍａｉｎＱ，ｗｉｔｈ

６ＱＤｎ６ＱⅣ＝０．Thetildedenotestheboundary

densitiespIBscribedbyboundaryconditions．

3.Localintegralequationswithsingularkernels

Sincethegovemingequationisgivenbythepartial
differcntialequationwithvariablecoeffIcients，itis

impossibletofindthefimdamentalsolutionofEq.（１）in

aclosedfbImingeneral・Nevertheless,onecanusethe

fimdamentalsolutioｎｏｆｔｈｅＬaplaceopemtor,whichin
two-dimensionalcaseisgivｅｎａｓ



G(r)＝－－Ｌｌｎｒ， （４）
２城ｃ

ｗｉｔｈノlcbeinganarbitraryconstant・

LetycbeanarbitraryinteriorpoinｔｉｎＱａｎｄＱｃｂｅ

ａｎａｒｂｉｔｒａｒｙｓｕｂｄｏｍａｉｎｏｆｔｈｅｄｏｍａｉｎＱ，ｗｉｔｈ

ｙｃＥＱｃＣＱ・Fromthegovemingequation(1)ｗｉｔｈ

ｗ(x,r)＝０，wehavetheintegralidentity

血wlL-州判｡低-伽("-.
（５）

ApplyingtheGaussdivergencetheoremto(5),wecan

derivethelocalintegralequation

Iえ(叩)"i(叩肱,i(､,')G(n-yc)｡r(叩)－
６Ｑｒ

Ｉ入(x)"､i(x,,)G,i(x-yc)dQ(x)－
Ｑｃ

ｃＩＰ(x)聖(x,,)G(x-yc)dQ(x)=０， （６）

Ｑｃ６／
ｗｈｉｃｈｗｉｌｌｂｅｒｅｆｅｒｒｅｄｔｏａｓｔｈｅＬＩＥｏfthelslkind・The

secondtermin（６）canbefUrther1℃arranged､Fbrthis

pumose，weusethenotationsノＩＣ＝凡(xc），

え(x)＝ﾉl(x)一入ｃ・Then，usingtheGaussdivergence
theorem,ｗｅ肥writeEq.(6)ａｓ

腿(抑叶幽woqi(m-y｡)-
伽Ｍｃ(m-y‘)]"ｉＭ(i')。
Ｉえ(x)雌､i(x,,)G,i(x-yc)｡Q(x)＋
Qc

cIP(x)聖(x,')G(x-yc)dQ(x)=０．（７）
Ｑｃ６r

Thisequationisfblmallyequivalenttoequation(6)ａｎｄ
ｗｉｌｌｂｅｒｅｆｅＩＴｅｄｔｏａｓｔｈｅＬＩＥｏｆthe2ndkindOne

worthwhiledifferenceconsistsinfactthatthedomain

imegraloftemperaturegradientsisinvolvedinEq.（６）

evenifthemediumishomogeneous・Afterspatial
discretisation，ｔｈｅｄｅｒｉｖｅｄＬＩＥｓｃonverttoasetof

ordinarydifferentialequationswhichcanbesolvedby

usingtheone-time-step8-method・

Withoutgoingintodetails，wepresentthederived

LIEintheLaplacetransfbrm（画).ＴｈｅＬＩＥｏｆｔｈｅｌｓｌ
ｋｉｎｄｉｓｇｉｖｅｎａｓ

Ｉﾉl(､)"i(帆i(､,p)G(n-yc)｡r(､)－
６Ｑｃ

－８－

Ｉﾉ'(X)瓦i(X,p)Gi(X-yc)｡Q(X)－
Ｑで

CpIp(x)万(x,p)G(x-yc)畑x)＝
QC

-cIp(x抑(x)G(x-yc)dQ(x)，
Ｑｒ

ａｎｄｔｈｅＬＩＥｏｆｔｈｅ２ｎｄｋｉｎｄａｓ

而(y抑坐[扇(１Ｗ・G刈一y優)‐
』(帆(恥,)c(n-yc)]"仰‘r(１，)。

(8)

Ｉﾉi(x)瓦i(x,p)G､i(x-yc)dQ(x)＋
Ｑぐ

cpIp(x)万(x,p)G(x-yc)dQ(x)＝
Qr

cIp(x)y(x)G(x-yc)｡Q(x)．（９）
Ｑｃ

ＴｈｅｏｖｅｒｂａｒｄｅｎｏｔｅｓｔｈｅＬＴｏｆｔｈｅｔimedependent

quantity・IntheLaplacetransfbrmapproach，the

numericalinversionoflheLTisakeyissuesinceitisan

ill-posedproblemVariousLaplaceinversionalgorithms

a１℃availableinliteratule・Theadvantagesand

deficienciesofsomealgorithmsweｒｅｐｏｉｎｔｅｄｏｕｔｂｙ
Ｍａｉｌｌｅｔｅｔａｌ［l]，andDaviesandMartin［2］madea

criticalstudyofthevariousalgorithms・Regaldingtoa

goodexperience[4]withtheStehfest，salgorithm[3],we
havealsousedthisalgorithminthepresentanalysis．

4.1,tegralfbrmofthebalanceequation(IFBE）

Thegenelalphysicalbalanceprinciplesofany

continuumtheorytakethefbrmofintegralequations、
Thegovemingequations（orfieldequations）takethe

fbrmofdifferentialequationswhicha１℃derivedfiPom
theseintegralprincipleswithtakingintoaccountthat
theyholdfbrallarbitrarybutsmallmaterialdomains・
Fbllowinga1℃versepath,wecangettheintegralfbrmof

thebalanceprinciplebyintegratingthegoveming

equationoverQcこＱ・Thus，integratingEq．(1)，ｗｅ
ｈａｖｅ

血１Ｗ)ﾙー州．半}'…川
hence，

I川卿伽i(ｗｒ何)-‘』'(型)筈(ｗ叩-･6｡ｃ

（11）

whichｗｉｌｌｂｅ１℃ferT℃ｄｔｏａｓｔｈｅｉｎｔｅｇｒａｌｆｂＩｍｏｆｔｈｅ

ｂａｌａｎceequation(IFBE)．

Eventually,intheErapproachEq.(11)becomes



Ｉﾉ'(､)"i(叩)瓦i(叩,p)｡r(叩)－
６Qr

cpIp(x)万(x,p)dQ(x)=-cIp(x)v(x)dQ(x)．（12）
ＱでＱ《．

5.ＭeshIessinterpolationsofthetemperaturefIeld

Letthefieldvariable皿(x,r）ｏｒｉｔｓＬＴ万(x,ｐ）ｉｎ

ＱＵ６Ｑｂｅａｐｐｒｏｘｉｍａｔｅｄｗｉｔｈｉｎａｓｕｂdomain

Q‘こ(ＱＵ６Ｑ)．Assumingthedimensionalitiesofbｏｔｈ

ＱｓａｎｄＱｔｏｂｅｔｈｅｓａｍｅ，wehaveadomaintype

approximation・Ineachmeshlessappmximation

technique，ｔｈｅａｉｍｉｓｔｏｃｒｅａｔｅｓｈａｐｅｆｉｍｃｔｉｏｎｓfbr

approximationofthefieldvariablewithinthesubdomain

Qsusingonlynodesscatteredarbitrarilyintheanalyzed

domaiｎｗｉｔｈｏｕｔａｎｙｐ１℃definedmeshtoprovide

connectivityofthenodes・

Assumingafiniteseries肥prEsentationofthefield

variableinasubdomainQWsulmundingthenodalpoint

x9，wehavetheapproximatedfieldgive、ａｓ
Ⅳ

"(x)|Q,＝ＺＢａ(x)cα(x'）（'3）
α＝Ｉ

where〃(x)standsfbr脚(x,r)ｏｒ万(x,ｐ)，Ｂａ(x)arethe
basisfimctionsdefinedintheCartesiancoordinatespace，

ﾉＶｉｓｔｈｅｎｕｍｂｅｒｏｆｎｏｄｅｓｉｎｔｈｅｓｕｐｐｏｒtdomainofthe

pointX9，ａｎｄＣａ(x9）ａ1℃theexpansioncoefficients
correspondingtothatpoint・Asregardsthechoiceofthe
basisfimctions，weshallconsidermonomials

〆(x)e{ｗ‘か…制fbrk='…６
aspolynomialbasisfUnctionsandmultiquadrics(ＭＱ）

剛雲卜'Ｍ銅”
astheradialbasisfimctions（RBF)．Then，thepoint

approximationsbecometruePointlnterpolationMethods
[5]，sincethederivedshapefimctionspossessthe

Kroneckerdeltapropertｙ［6]・Threedifferent
combinationsofthesebasisfUnctionshavebeenutilized

inthenumericalimplementationofthelocalintegral
equationsinstationarypmblems[6]､Bearinginmindthe
resultofthesmdyonnumericalstabilityandpatchtests
[6]，ｗｅｃｏｎｆｉｎｅｔｏＰＢＦ＋ＭＱ加彪"o“o〃αｐｐｍａｃｈ

ｗｉｔｈＭ＜ﾉＶ

"(x)'Q9＝§R"(9,k)(x)α(9,k)＋笹PA(x)β(9幻
ｓＡ＝１ｋ＝l

TheapprOximatedfieldcanbeexpr℃ssedintermsofthe

shapefimction｡(９．ｊ)(x)aｓ

－９－

Ⅳ

醜(x)lQ?＝Ｚ"(x''(9J)),(9．"(x)，（14）
ノーＩ

ｉｎｗｈｉｃｈ〃(9,ﾉ)istheglobalnumberoftheノthnearEst

nodalpointofﾉVsupportingnodescoITEspondiｎｇｔｏｘ９・
Formoredetails,ｗｅ唾ferthereadertoRef[6]・

Finally，thenumericalresultswillbecompaIEdalso
withtheresultsobtainedbyusingthestandaId

quadrilateralelementswithquadmticintemolation(QQE

approach).Fortheirnumericalimplementation,ｗｅ１℃fer
toRef[7]．

6.Numericalexamples

lnordertotesttheproposednumericalmethod，we
haveconsideredexamplesfbrwhiｃｈａｎalyticalsolutions
areavailable・Theconside１℃ｄｄｏｍａｉｎｉｓａｓｑｕａｒｅＬ×L

withtheDirichletboundaryconditionsonboththe
bottomandtopsides,whiletheNeumannconditionsarE
asｓｕｍｅｄｏｎｔｈelateralsides・Althoughtheanalytical
solutionsareavailablefbrseveraleventsof

unidilEctionalvariationofmaterialcoefficients，we

confinethepresentedresultstoexponentialgradationof
boththeheatconductionandmassdensityas

え(x)＝ﾉ１℃eｳx2/Ｌ，Ｐ(x)＝ｐｏｅがx2/Ｌ，inthispaper、
Ｉｎｔｈeconvergencestudyfbrtheaccuracyofthe
numericalresultswithrEspecttoincrcasingthedensity

ofnodalpoints，ｗｅｈａｖｅｕｓｅｄｔｈｅａｖｅＩａｇｅ％error
definedas

ＡＰＥＩ＝ｌＯＯ

where脚c(xα)and〃“(xα）standfbrthecomputedand

exactnodalvalues，respectively，ｗｉｔｈﾉVrbeingthetotal
numberofnodesonｃｌｏｓｅｄｄｏｍａｉｎＱｕ６Ｑ・

Thenumericalcomputationsarecarriedoutbyusing
threediffe１℃ntkindsofintegralequations(LIEofthelsl
and2ndkinds,andlFBE)combinedwithvariousdomain‐
typeapproximations・RecallthatthereisnodiffeIcnce
betweentheresultsbytheLIEofthels1and2ndkindsin
caseofnon-homogeneousmedia・Inthispaper，we
assumethenumberoftheradialbasisfimctionsⅣ＝１６，

withtheirshapeparametersbeingｍ＝－２ａｎｄ似＝２ｈ，

wheIchistheshortestdistanceofanytwonodalpoints、

ThepolynomialbasisisgivenbyM＝６monomials・

Owingtotheconvergencestudyandcompansonof
theresultsbyusingvanousdomain-type

approximations，weassumeonlyunifbImdistributions
ofnodalpointswithh／Lbeingaparameter

characterizingthedensityofsuchdistributions．

Ｅｘｚｍ８ｐ彫I

Inthisexample，weassumethefbllowinginitialand
boundaIyconditions



Ｏ
●
□
■

v(x)＝ｖｂ＝１，面(x,,0,r)＝脚。＝ｌ，〃(x,,Ｌ,r)＝〃Ｌ＝20,

ﾜ(0,x2,r)＝－ｹ(L,x2,Ｉ)＝０．

andthematerialparametershavebeenchosenas：

ﾉ1℃＝１，ﾉq・＝１，ｃ＝ｌ，β＝３，Ｌ＝１．

Fig.１showsthecomparisonofnumericallycomputed

temperaturcfieldwithanalyticalvaluesattwotime

instaｎｔｓｂｙｕｓｉｎｇｂｏｔｈｔｈｅＬＩＥａｎｄｌＦＢＥｉｎｃombinations

withtheQQE-intelpolationandthePBF+MQ
inteIpolation・Thenumericaldatacorrespondtotheuse

oftheimplicitGalerkin'sschemefromthefamilyof
one-time-stepe-methods，butthediffeIEncefromthe

resultsbyusingLT-approachisnotvisible・TherEfbre，
ｗｅｃｏｎｆｉｎｅｔｏｇｉｖｅｔｈｅＣＰＵ－ｔｉｍｅｓｉｎｔｈｅｃａｓｅｏｆＬＴ‐

approach,Inboththetimeinstantst=0.02ａｎｄt＝１，they
ar℃ｔｈｅｓａｍｅ，ｓｉｎｃｅｏｎｌｙｌｓｔｅｐｉｓｕｓｅｄ・Inthecaseof
QQE-inteIpolationitis７．８[sec],whileinthePIMitis

84[seclNotethatt=0.02isaveryearlytimewhenthe
initialvalueofthetemperatureisnotchangedinahalf
ofthespecimen,whilet＝ｌｉｓｔｈｅｌａtetimeinstantwhen

thetemperatu配distributionrepresentsstationaｒｙｏｎｅａｓ
ｃａｎｂｅｓｅｅｎｆｉ｢omFig,２．

８
６
４
２
０
８
６
４
２
０

１
１
１
１
１

20,0

17,5

（
↑

“
ミ
ヨ
由
“
三
Ｊ
）
．

0.0０．２ ０．４０．６０．８１．０

ｔ[sec］

８
６
４
２
０
８
６
４
２
０

１
１
１
１
１

0.4０．６０．８１．０

ｔ[sec］

米
◇
◆

CPU-timesIsec】

t=1：ＱＱＥ‐33.2；ＰＩＭ‐665;３０steps

t=0.02:ＱＱＥ‐8.7；ＰＩＭ‐１６４；５steps （
↑

“
へ
］
畠
“
一
Ｊ
）
．

一
■
■
●
■
一
■
■
■
■
一
■
■
■
■
一
■
。
■
■
一
■
■
■
■
雪
■
■
■
■
一
■
■
■
■
一
●
Ｅ
■
■
甲
■
一

t＝１

exact

PlM:ｌＦＢＥ

ＰＩＭ:ＬｌＥ

ＱＱＥＩＦＢＥ

ＱＱＥＬｌＥ

t=0.02

exact

PlM:ＬｌＥ

ＱＱＥＩＦＢＥ

ＱＱＥＬＩＥ

Inallpresentednumericalresults,ｗｅｈａｖｅｕｓｅｄＱＱＥ‐

inteIpolationwith341nodes(lOOquadrilateralquadratic
elements)andPIMwithl21nodes．

０．００．２０．４０．６０．８１.Ｏ

ｘ２/Ｌ

Fig.１DistributionoftemperaturEalongvertica,diIEctiOn
attwotimeinstantst=0.02ａｎｄt＝lusinge-method

－１０－

一
…
・
一
・
…
一
・
…
一
・
…
一
…
・
一
…
・
一
…
・
一
…
・
－
．
０
．
－

0.0０．２

一
…
・
『
・
…
一
…
・
一
．
…
一
…
・
一
…
・
一
…
・
一
…
・
一
・
６
．
－

１５，０

つ１２，５

到

雪10,0
百７，５

Fig.２Timeevolutionofthetemperatm℃atmidpoint
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TheperfectagrEementofallnumericalr巳sultswiththe
exactonescanbeobserved,butitshouldbestressedthat

thelFBEincombinationwithPIMfailsatearlytime
instantswhenLT-approachisused・Ｔｈｉｓｃａｎｂｅｓｅｅｎｉｎ
Ｆｉｇ,3．AlthoughtheaccuracyfbrlFBEcombinedwith
PIMandp１℃sentedinFig､４isacceptable,therehasbeen
observedinstabilitywithrespecttothechoiceofthetime

steps・Thisinstabilityisexpectedtober巳movedby
modificationoftheselectionofsupportnodesfbrRBFs
withincorporatingalsomo1℃distantnodesintoaccount．
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subdomainssurroundinginteriornｏｄｅｓａｎｄａ1℃non-
singular・Usingmeshlessinterpolations，wecaneasily
dealwithdomainintegalsduetomaterialnon-

homogeneityandtheproblemofmeshgenerationis
avoided・ThetimevariableistrGatedeitherbyusingthe

8-methodortheLaplacetransfbrmtechniquewiththe
Stehfest'snumericalinversion・

Theproposedmethodisquitegeneralasregardsthe
non-homogeneityandasatisfactoIyaccuracyhasbeen
achievedinnumericaltests・Ｎｏｔｅｔｈａｔｔｈｅａｐｐｒｏａｃｈ
ｂａｓｅｄｏｎｔｈｅｕｓｅｏｆｔｈｅｌＦＢＥ＋PIMexhibitssome

instabilitywithrespecttothechoiceoftimesteｐｓｉｎｅ‐
methodanditfailsinsomenodalpointsdistributionsat

veryearlytimeinstantsintheLT-approach・
Ｔｈｅｍｅｔｈｏｄｉｓｏｐｅｎｆｂｒｔｈｅｕｓｅｏｆｏｔｈｅrmeshfree
approximations・Theextensionofthemethodtothree
dimensionsaswellastootherapplicationsis

straightfbrward，
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7.ConClusions

NewcomputationaltechniquesareproposedfOr
numericalsolutionof2-dtransientheatconduction

problemsinnon-homogeneousmedia･Thetechniques
consistincombinationsofthrcedifferentkindofintegral

equationswithtwodomain-typeinterpolationsoffield
variable､Ｏｎｅｏftheinterpolationapproachesutilizesthe
standardquadrilateralquadraticserendipityelements・
Theotherisameshlesspointinterpolationmethodbased
ontheuseofthepolynomialfimctionsandtheradial
fimctions・Theintegralequationsareconsideredonlocal
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