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In this paper, a novel transformation based on sinh function is proposed to use for

evaluations of nearly singular integrals which arise in BEM analyses when the source point

is very near the boundary element under integration. This transformation is shown to

improve the shape of the curve of the integrand to a more tractable one and very accurate

integration results are obtained by using only the standard Gauss-Legendre quadrature

formula. The effectiveness of the proposed transformation for nearly singular kernels in

various orders are demonstrated through some numerical test examples.
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Fig.1 A point near a straight boundary element.
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Fig.2 Curve of ¢!/ for L = 1 and d = 1/100.
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Fig.3 Curve of ¢?/r for L =1 and d = 1/100.
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Fig.4 Curve of ¢*/r for L = 1 and d = 1/100.
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Fig.5 Curve of ——-d— for L =1 and d = 1/100.
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Fig.6 Curve of ¢—d_ for L =1 and d = 1/100.
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Fig.7 Curve of % ‘i—f for L = 1 and d = 1/100.
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Fig. 8 An nternal collocation point in the vicinity of a

curved element.
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Table 1 Comparisons of the integration results by Gaussian

quadrature for 1/r with and without transformation.

| k l Ng | trans. | 1/r o /r I &*r | &r |
0 8 No | 5E-12 | -1E-10 | 7E-11 | -1E-10
Yes 0| 6E-15 | 5E-15 | -3E-14
24 No | -3E-15 0| -3E-15 | 8E-15

Yes | -3E-15 | -1E-14 | 3E-15 | -3E-14
1 8 No | 3E-04 | 7E-04 | 2E-05 | -3E-04
Yes | 3E-15 | 1E-11 | -2E-11 | 2E-10
24 No | 9E-12 | 9E-11 | -7E-11 | 4E-10

Yes 0 | -8E-15 | 6E-15 | -6E-01

2 8 No | 3E-02 | 5E-02 | -8E-03 | 4E-01
Yes 0| 1E-08 | -3E-08 | 4E-06

24 No | 3E-04 | 5E-04 | 2E-05 | -1E-03

Yes 0| 9E-15 0| -7TE-13

3 8 No | 3E-01 | 4E-01 | -2E-03 | 9E-01
Yes | 4E-15 | 4E-07 | -2E-06 | 2E-03
24 No | 3E-02 | 4E-02 | -9E-04 | 5E-01
Yes 0 | -9E-15 | 5E-15 | -1E-11

Table 2 Comparisons of the integration results by Gaussian

quadrature for 1/r* with and without transformation.

k | Ng | trans. 1/r2 | ¢'/r? | #%/r? ¢3/ﬂ
0 8 No | 2E-11 | -6E-10 | 3E-10 | -7E-10
Yes | -9E-15 | 3E-13 | -1E-13 | 2E-13
24 No | -9E-15 | -8E-15 | -3E-15 0
Yes 0| -1E-14 | 3E-15 | -4E-14
1 8 No | 2E-03 | 2E-03 | 9E-04 | 3E-03
Yes | 4E-09 | 4E-08 | -8E-08 | -2E-07
24 No | 4E-10 | 1E-09 | -8E-10 | -2E-09
Yes | -1E-14 | -9E-15 | -2E-15 | 1E-14
2 8 No | 2E-01 | 3E-01 | -8E-02 | -1E-01
Yes | -2E-06 | -2E-06 | 4E-06 | 5E-06
24 No | 2E-03 | 2E-03 | 1E-03 | 2E-03
Yes 0 | -7E-15 | -7E-15 | 8E-15
3 8 No | 9E-01 | 9E-01 | 3E-01 | 3E-01
Yes | -9E-05 | -9E-05 | -1E-05 | -1E-05
24 No | 3E-01 | 3E-01 | -4E-02 | -5E-02
Yes | -5E-14 | -6E-14 | 4E-15 | 8E-15




Table3 Comparisons of the integration results by Gaussian

quadrature for 1/r° with and without transformation.

Uc Ng | trans. /| @'/t I #*/r® | ¢3/r3—|
0 8 No | 5E-11 | -2E-09 | 1E-09 | -3E-09
Yes 1E-14 3E-12 | -1E-12 | 3E-12
24 No 0 | -8E-15 | -5E-15 | -9E-15
Yes | 7E-15 | -8E-15 | 7E-15 | -5E-14
1 8 No | 4E-03 4E-03 | 5E-03 | 8E-03
Yes | S5E-07 | 9E-07 | -9E-07 | -1E-06
24 No 3E-09 5E-09 | -3E-09 | -4E-09
Yes 0| -2E-14 | -4E-15 | -2E-15
2 8 No | 5E-01 5E-01 | -8E-02 | -8E-02
Yes | -6E-05 | -7E-05 | 6E-05 | 6E-05
24 No | 3E-03 2E-03 | 1E-02 | 1E-02
Yes 0 7E-15 | -3E-15 | 1E-15
3 8 No | 1IE4+00 | IE4+00 | 9E-01 | 9E-01
Yes | -3E-04 | -3E-04 | -7E-04 | -7E-04
24 No | 6E-01 6E-01 | 3E-02 | 3E-02
Yes | -1E-12 | -1E-12 | -3E-13 | -3E-13
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Fig.9 A curved element and a source point configuration

used for numerical tests.
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Table 4 Errors of integration results for 1/r® type inte-
grand, calculated by Gaussian quadrature with the transfor-

mation of integration variable.

alk| 1] ¢ | g2 | oo
1{0 0 0 0 0
1(1]-5E-15 | -6E-14 | -6E-15 | -7E-14
1] 2 0 0 0 0
1|3]|-7E-15 | -2E-13 | -7E-15 | -2E-13
2| 0| -1E-14 | -9E-14 | -2E-14 | -9E-14
21| -3E-15 | -1E-13 | -4E-15 | -1E-13
2| 2] -6E-14 | -2E-11 | -6E-14 | -2E-11
2! 3| -6E-11 | -2E-07 | -6E-11 | -2E-07
310]-7E-15 | -5E-14 | -9E-15 | -6E-14
311 5E-15 5E-13 5E-15 5E-13
312 5E-15 5E-11 5E-15 2E-11
313 1E-12 | -1E-07 1E-12 9E-08

Table 5 Errors of integration results for In  type integrand,
calculated by Gaussian quadrature with the transformation

of integration variable.

| k[ m@/m) [ '@/ | ni/r) | ¢ n(1/r) |
0| 8.73E-15 2.61E-14 2.07E-14 3.58E-14
1 5.94E-15 8.80E-14 6.80E-15 9.98E-14
6 5.07E-15 8.48E-14 5.70E-15 1.00E-13
7 | -1.52E-14 | -2.54E-13 | -1.71E-14 | -3.00E-13
8 | -5.07E-14 | -8.48E-13 | -5.70E-14 | -1.00E-12
9 | -4.06E-13 | -6.78E-12 | -4.56E-13 | -8.00E-12
10 | -1.79E-12 | -2.98E-11 -2.01E-12 | -3.52E-11
20 | -8.00E-09 | -1.34E-07 | -8.99E-09 | -1.58E-07
30 | -3.91E-07 | -6.53E-06 | -4.39E-07 | -7.71E-06
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