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This paper presents a numerical method for singular multiple integrations using the boundary integral

equations and a polyharmonic function. In the method using the B-spline, points must be assigned in a

gridiron layout. In the presented method using the polyharmonic function, arbitrary points can be

assigned instead of using a gridiron layout, therefore it becomes easy to interpolate a bounded function.

This method requires a boundary geometry of the region and arbitrary internal points. The integral value

can be calculated after solving the discretized boundary integral equations. In order to investigate the

efficiency of this method, several examples are given.

Key Words: Numerical Integration, Boundary Element Method

1. XCHIC

HRED D 5 ERAKERAFT L AR HEXE AV
THETS. SEFREKLAVTEERROBKET
EBRSNLAMOWM S ELS LT, oMMk v
SREORVIEERSELEICRLTVWS(6,7,8]. &%
ERMETIE, EEEABROBERSAATETSHY,
7Y - DERIZLY ZRIEHEMH—RITBIIT, =K
TR ZKTHMNMTELMIIERENS. Z KD
A, SR EOME L FERABOV SOHOERLTOES
LREAENEOND. EROBERMETIE, HIEY
ERBRIZEXDLERDY, EEOERBROBEIZ
i1, EEHBTILENH-[3). HEHERIZLY,
AL ERT A RFEOEIMELRL(6].
BEITR LR TR, HRoBsuTgeRiEixivi L
fo. AR TIREHSBSIIEROBETRENS KR
HohH 3K L EREORVVEROBELOFETREL
3b0ETH. ZOL S RERHESITEAEREIILY
THIZEERFASITHS.

2. B W
2.1 BB MK

ABXTH, —KTL ZRTOBEOHEBDEHRS.
FHQEREAEERE L, SREHRHUNITERAOTHRIC

RoTWBbDET 5.

I= IQ Fi(po, @)W (q)dQ (1)

772U, BA%F (po, q) iXAipo & qDEEREr CREN D57 R
OHHEKETHY, HIXIE, In(l/n), ', rIREOEE
SLbOTHS. 123, Fig 1), BITRT L 5 ITHR
AREENEIIER ECHE b0 LT 5. E7-BAEW
(o) IHMEEOBMKTH A, HRETRVLDETS. T
D k5 BEREOHAFEHMIBREREITENTH
ICHEETHD.
BRANEERMCHDBEIL, HOMEICH RN
BBOTHRBXTHEDLR. £/, Fig. 1()DXD
ISR ENERAHDEEL, AREBoSEIIAEIL,
ZPRENOBAFESIBWTHERASEITObOLL,
MOBMAFEIFET HIRREOEBENQIZENDLD
DETS.

2.2 SHERFBAMIC & SR

S ERMBEE AV CHIEOBEE 5 ) ¥ R
T. —KEOEE, BIKEY. IR TEUTH I L
NTED.



V(nzws|=‘wsz (])
VW =-W", (2)

2L, Vul=d/dTHY, ¥ 431v  oliRicnYyd3.
WM —BRIZ AT 50 AKRRUT L > T—HPIC
BESETFAT v IDFLIBRBOBRI LTS,

Wa=lim WA5A (3)
A—0

A, QIXVEKALRBOLND.
Vo'W =W (1)

ML, Fig 2I5RT X S REMEV LK S BOBTRY &
RHBDZALALLOTHS. £, PHMMEHEShT
BY, MRTE—AY MW 20LRETS. 2%, B
RATFL L DRERLLDTHDZ EHbM 5[5 11].
DEY, W OMDEOBROEM  REL LN TED,

<::::::> <::::::> <:§E:i;)
(b) )

(a) (c
Fig. 1. Types of singularity points

—— Given
Interpolated

! ]
W,

Fig. 2. Beam with unknown point load for

interpolation

RO SFEOEV 22RO THENRFTHDh TV 5.
2B, —REDOHAEOFETMMKT B L UTOMHIE
BHKRATELLNS.

,_rz -1

Tysm— ———
" o211
dTs -r?f-? 2

(5)

(6)
on 2(2f-2)! an

ZRAEDHE, WROFETHMT DI, —KTD

AT B ExEyEMICHNT B Z LR TFbhTA.
ZEMAMBERVBHECIE, KUKV HMLETS.

[

(a) Given line and points

(c) Sum of curvatures(W.)

Fig. 3. Fictitious thin plate for interpolation



VW =¥ (n
VW =W ®

=L,
V= gix’+ % 9

WS IR ERAI —BRIC AT B RAKRRAC L > T—R
PIBlE ST 45 7DTFLIBEOBE LT S.

W':=lim WAsA (10)
A—0

KD, @)XV KRAMNBOLNSB.
Vo'W, =W a1

ZhiX, Fig 3IRd & 5 22 AHFENS 24 5 BHROEN
Wi ROHBXLIZEALEBLLOTHS. 2FDH, WS
OO EOHEROEMN KEXONTEY, ROOLH
B2k T, fiflinfTbhTvwa, KL,

RO TE— Ay MoRYT IR0 LEILPA TV S,

K(7), @) EHEAHEAFTRALAVTEL. TOK,
TROBMA%KE JUCEFAMMEEKL AV 5.

1 1
Ti(P,Q)=—1n(-) (12)
2 T

T2 (B, Q)= [In()+1] a3
8=x r

A (13) DEFFBEIZL, TROBRR T 54 /SERBD
B#&THH(2,4].

S(P, Q) =r’In(r) (19)

BT RL-%2(6,9, 101 TiX, ZThonIFEL—ixLL
TRLTWA, SFEV.OHEENETEE, X)), B &
D ROBABY HFRANELNS.

2

HP=1 D' TEQ
f=1 r

AR (V)

n

U

aT: (P,
-stdo))dl‘-z T: (P, @) Wram (15)
n m=1

BRIz, R @) XVKAABOLIS.

9 ¥°:(Q)

dn

cWs:(P)= I r {T\ (P, Q

M
aT:(P,
- —(—Q)Wsz(Q) }d I‘+2 T (P, @) W stm (16)
an o1

15U, BOAREER ETike=0.5 FERAB THe=1T
»%.

2.3 HRMMERNI X
EESRBRATERShH ROKERS HIEEY
. B, 2R(7), (8) THIR L%, HEMSTS.

BERSOEDIZKATER SN IBELEATS.

VzFHl:Fl (17)

SHV ERT), @) THMLEES, VY —roER%E
HAL, FERESYERAHSCERTS. ZKEOSH
WL ARUT), B)RBRLTWAES, RANBLUVYY
—VDER LD RANEOND.

22 I aW . @
| row . @aa=L 0| Fueo
o] f=1 r an
_OF®Q Lo 0)dr @
an

M
L Fp, @)W (18)

o=l

L, piFRALZTT. nREMENHS, KAUZL
DR 07 DBFF ARHBLID.

F:=I —I[Ir""F:-xdr]dr (19)
ru-l
ZREDHBE T, HRUEXEUHEEFAKRATEALN

LB/EEEXD.

1
Fi= —.
r

(0<m<2) (20)

#.(20) ERNDITRAT B &, BERSITHEZ2BIEA
UTDL5iIZ/Bbh5.

1

F= m) 1)

dF: _ -1 or (22)
dn @-2)r*" an

P ————— (23)
T (@) (@)

ZKREOBRET, HRELSURENKNTEALN
LREEEXD.

F= = 1og(h) (24)
r r

KO EXOWDITRAT D &, BEMSITLERBIEH
ROESIZH/BLNS.



1 2
Fi= ————— [log(r)- ?] (25)

(m-2)r™?
LS S SR
on  (@2)r*? dn o8 2-m @8)
-1 4(3-m)
L - —_
(m-2)*(m-4)*r™* [1og(x) (2-m) (4-m) 1 @n

—RREDHET, HAMEEUHBENKATEL LN
HEEEXD.

F= (0<m<1) (28)

r

H(28) XD IZRAT B &, BIERSTLHE 2B
KDOE5IZBLNS.

1

= (m-1) (m-2)r*? @9)
aF: -1 Jr

— = — 30
an (11" 9n (30)
Fy= 1 (31)

(@-1) (n-2) (n-3) (m-4) r™*

—KREDHET, HAELEUHEAKNTEX LN
LHEEEXD.

F= 1 log(r) (32)
r

BRI, &KABRDLND.

1 3-2n
Fi= (@-1) (@-2)r"* [og )~ (m-1) (m-2) ] 33)
dF: -1 or
- = -— 34
on oD an flog(r) _— ] (34)
L [log(r)-

R (m-1) (n-2) (m-3) (m—4) r"*
_ 50~-70m+24m™3m’
(1) (m-2) (m-3) (m~4)

(35)

2.4 MFBRADFRE
EZBEOHAEIIBWT, SR EBLT, W OhDAR
TOWIREXBNRTVAH, K(15), (16)D I/ aIn®
Wi, BxbhTwiv., FITKRIZ, ThbnfEzR
»BFEERYT. KU B I V(6 L L, IR
HLT—EEREAVLZLIZTS, Wi Q 2EmIcH
DY bW, W (Q)/ I nERPITFFORI FEV
1, Wam BRESITHE O PAEWT & L, F(15) 2R
Lt 3 L&A MnELNS(1].

HiW:=G\ Vi +H:W:-G:V.-G’ W' (36)

L, pBEUVqINAZTTLOLETE L, H, G,
H:, G:BLUG 1%, AiTHRILL, I THEESE
T8, KROBLSEFHE > N v I 2 THB.

1 T (P, Q)
Hiiy= —6Ij+I 1_i dr, (37)
2 | O an
Gu:-j (P, Q,)dl (38)
j' aTz(PA Q)
Hziy= dar, (39)
ry
GthI rTz(Px,Q;)dF; (40)
)
G 2 1=Tu(Pi,q"y) 41

L, ERAFPIV 25X DR THIZ LETFT.
We: (P)IZBE L TR(16) L Y kA B HHh 3.

HiW:=G.V:+G" \W'3 (42)
L, GhiX, KRXOERZEFO>< LY v 7 A TH B,

GPrii=Tua(Pi,q%y) (43)
7, RUSIZBWT, EVE)ONREERT S LKRRX
»ELNS.

W) =—H:W:1+G: V1 *H:W:-G.V:-G" s W' s (44)

fCﬁL, Hs, Gs, H., GaBIUGPS‘i, &ﬁoﬁkﬁ%ﬁ
2w by I RTHS.
T 1, Q
Ho o= I @ AL (45)
Gsu I p iy Ql)drl (46)
aTz( Q)
P AL LYY )
r; adn
Gug:IF T:(p":,Q;)d (48)
)
GPay=Tu(p™1,q")) (49)

W:=0L < &, K(36), (42), (44) KD RARB LIS,

G -G: -G': Vi H. W\
0 G, GPI Ve = (o]
G: -G:« -G's WP, H:W:+W(p®)

(50)
ERI OV, VeBIUW 2 RDHENTES. OF
Y, BRETOEW ENEATOEWE) 2515 L, W
SL@QBIUW . (QOERETOERITEOBEE LW .0



MEMNBOND. (EELAOMHMAIX, K60 LY IHRT
5. R (50) TiIW.=0¢ BV =A%, BEHFFOF THiVa=
OLBWTHLIW., —EERLAV, BERENSHFIL,
ASENMSER LSS, @NotN) RITOEM—KFE
KEFEHRIThIER G2,

. SR M
—KEDHE OB OF L LT, KAOEMEER
BAERDI,

1
1
l=j log{( —)dx (51)
-1 1+x] Ix|

BEHARIX. 64493 T Y, 0. IMRRICHIME 2 5 2 -85
OBIEBEILL. 65093 T o 7.
iz, KRXOMEFEN 2 RDE.

1
I= I —l—— dx (52)
-t (D) x|
BEAEIL3. 52549 CH Y, 0. IMBICHME L Ex B8
DOFIEM S HEIX3. 53017 CHhH o 7=,
ZREDBEOBEBSA OB % FT. Fig MRTER
ROBIKQ TORKDEARS &R -,

1 TR
I=,[ —cos(——)dQ (53)
ar 2R
R=10& L7=B 8 OMERRIT10.0TH Y, AR (HIT40.
00026 CdhH o 7-.
KiZ, ERQ CORROBHERSY RO,
R!_r!

1
I=I log(—)
0 r

dQ (54)

Fig. 4 Boundary discretization and

internal points

R=10& L7=B S OBERIZ-243.88TH Y, BIHMHE
13-244.07Tdh o 7=,

4. &% 8

BIHBERBN 21T O LDOIEROAEHROBRAT
EREShB&oWBMbiEY, ZEREKES TR
FEALAVTURLE., AL CIHEBEOABRRO
BERAO/HNMBUITEDZDT, EKORATTA /BEK
FRAVBBAICHATEALST V. ZofiisxAv
T SRR EIERABROBROKEN BB
AARETHY, ERLOAMEL TS LK.

BHEXR

(1) Brebbia,C.A., Telles, J.C.F. and Wrobel,L.C.,
Boundary Element Techniques—Theory and
Applications in Engineering, Springer—Verlag,
(1984), BERERMIT-EIR LM, APIERER,
(1984), pp.46-70, pp. 274-276, H&F.

(2) Chales A. Micchelli, Interpolation of
Scattered Data, Constructive
Approximation, Vol.2, pp.12-22, (1986).

(3) Davis,P.J. and Rabinowitz, P., Methods of
Numerical Integration, Academic Press, (1983)

(4) Dyn,N., Interpolation of Scattered Data by
Radial Functions, in Topics in Multivariate
Approximation, Eds. C.K Chui, L.L.Schumaker
and F. I.Utreras, pp.47-61, (1987), Academic
Press, London.

(5) MBE=, EABLH, A7T74 KL FOIEA,
HEHRR, (1979).

(6) HE&¥H, ZEREEL AV MM X KA
ik, BARICAEMESINE, Vol.8, No.4, pp.
457-468, (1998).

(1) %E6FE, 2EMRMBAELAVZBEHRERIE,
B AR SR FES G 3CEE, Vol. 10, No.2, pp.199-
210, (2000).

(8) %EF/E, NS ERFBAKE AV SERIE,
B AIS RSB E 220005 B FE 2R T185E, pp. 458
-459, (2000).

(9) Ochiai, Y. and Sekiya, T., Generation of Free—
Form Surface in CAD for Dies, Advances in
Engineering Software, Vol.22, pp.113-118, (199
5).

(10)Ochiai, Y and Yasutomi, Z., Improved Method
Generating a Free-Form Surface Using
Integral Equation, Computer Aided Design,

Vol. 17, (2000), pp.233-245.



ADBSHE, CTXBRTTA VB, FURBEARH (12)#%n, =@, Tk, SERFAX], (1990, p.
KRB, (1993). - 101, #¥. | | |



