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Replacing Exact Linear Algebra with Low-Rank
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List of implementations

Method Developer url
AHMED H-matrix M. Bebendorf https://github.com/xantares/ahmed
ASKIT FMM C.D. Yu http://padas.ices.utexas.edu/libaskit
DMHM H-matrix J. Poulson https://bitbucket.org/poulson/dmhm/src/default/
GOFMM H2-matrix C.D. Yu https://github.com/ChenhanYu/hmlp
H2Lib H2-matrix S. B6rm https://github.com/H2Lib/H2Lib
H2Tools H2-matrix  A. Mikhalev https://bitbucket.org/muxas/h2tools
HACApK H-matrix A. lda https://github.com/HLRA-|HPCN/HACApK-MAGMA
HIiCMA H-matrix H. Ltaief https://github.com/ecrc/hicma
HLib H-matrix L. Grasydyck http://www.hlib.org
HLibPro H-matrix  R. Kriemann http://www.hlibpro.com
hmglib H-matrix P. Zaspel https://github.com/zaspel/hmglib
HODLR HODLR A. Aminfar https://github.com/amiraal27/Dense_ HODLR
HSS HSS J. Xia http://www.math.purdue.edu/~xiaj/
LoRaSp H2-matrix H. Pouransari https://bitbucket.org/hadip/lorasp
MUMPS-BLR BLR P. R. Amestoy http://mumps.enseeiht.fr
STURMPACK HSS P. Ghysels http://portal.nersc.gov/project/sparse/strumpack

https://github.com/gchavez2/awesome_hierarchical _matrices
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Nullity Theorem

A BlY [E F
C D G H

nullity A = nullity H,
nullity B = nullity F,
nullity C' = nullity G,
nullity D = nullity E.

rank(A) + nullity(A) = n.

n
+—>

@Apply it recursively

if then —1
[ ] [ ]

A=A INIAI

S O
-

truncation threshold

nullity

singular values

A A %100

Gustafson, William H. (1984), "A note on matrix inversion", Linear Algebra and Its Applications, 57: 71-73, doi:10.1016/0024-3795(84)90177-0
Strang, Gilbert; Nguyen, Tri (2004), "The interplay of ranks of submatrices" (PDF), SIAM Review, 46 (4): 637646, doi:10.1137/S0036144503434381
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Weak admissibility
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P. G. Martinsson, CBMS/NSF Conference on Fast Direct Solvers, June 2014



Uniform Basis
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C. Ashcraft, A. Buttari, T. Mary, “Block Low-Rank Matrices with Shared Bases: Potential and Limitations of
the BLR2 Format”, https://hal.archives-ouvertes.fr/hal-03070416
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istributed H-matrix
Shared memory H-LU HSS2D
Kriemann (2014) Xia (2014) |da et al. (2015) Kressner et al. (2018)

Distributed GPU H-matrix

Nested cross approximation HSS selected inversion Yamazaki et al. (2018) — Minnesota ——
Borm & Christophersen (2014) Xia et al. (2015)

S £1st DC e | Lattice H-matrix Multilevel Low-Rank
H2-matrix for eigenvalues upertast - elgenvalue Ida (2018) Li & Saad (2013)

Vogel, et al. (2016)

|Berner etal. (2015) — GPU load-balance ACA DD Low-Rank
OmpSs H-LU Shared memory H5S5 MF Hoshino et al. (2018) Li & Saad (2014)
Aliaga et al. (2017) Ghysels et al. (2016)
: — Mixed precision H-matrix Multilevel Schur Low-Rank
GCA H2-matrix Distributed HSS MF Ooi et al. (2020) Xi et al. (2016)
Bdrm et al. (20 I 8) Rouet et al. (20 I 6)
—— INRIA —— | |smasH
— Stanford(Ying) — —Stanford(Darve)— BLR multifrontal Cai et al. (2018)
O(N) RS 2-D HODLR multifrontal Amestoy etal GO | | He-matrix + FMM
Corona (2015) Aminfar et al. (2016) BLR multicore Xing & Chow (2021)
HIF for PDEs IFMM precond. Stokes Amestoy et al. (2017)
Ho &Ying (20|6) Coulier et al. (20 | 7) Multilevel BLR L Texas (BiI’OS) L
Amestoy et al. (2019
Distributed memory HIF IFMM prgcond. Helmholtz mestoy etal. ( ) inv-ASKIT
Li &Ying (2016) Takahashi et al. (2017) KAUST Yu et al. (2016)
RS for maximum likelihood Non-c?xtensive sparsification BLR Cholesky Distributed inv-ASKIT
Minden et al. (2016) Sushnikova et al. (2017) Akbudak et al. (2017) Yu etal. (2017)
RS with strong admissibility Sparsified Nested Dissection Batched QR, SVD GOFMM
Minden et al. (2017) Cambier et al. (2019) Boukaram et al. (2018) Yu et al. (2017)
Quantized Tensor Train spaND QR GPU MatVec Distributed GOFMM
Corona et al. (2017) Gnanasekaran et al. (2020) Boukaram et al. (2019) Yu et al. (2018)




=T DaE X DI

=& F 175 BE HBis
2016Vogel Z QAQT HSS ?
POV UGIELE 2 Cholesky BLR RSVD
2017Fernando =3 U HSS D
2017Ghysels S U HSS RSVD
2017Li 53 _U HSS RRQR
2017Minden =S U H2 RRQR
2018Amestoy WS U MBLR ?
2018Bdrm z  ON)E#E H2 GCA
2018Cai zZ ON)E#ME HSS RRQR
2018Kressner =3 QR HODLR ?
2018Yu 2 O(N)Et#E HSS ID
2019Amestoy [:INNNEE BLR ?
2019Boukaram A MV H2 RSVD
2019Cambier W3 LU H2 RRQR
2019Zaspel B3 MV H ACA
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R. Kriemann (2005), Parallel {H}-Matrix Arithmetics on Shared Memory Systems .
R. Kriemann (2015), H-LU factorization on many-core systems J HPCI\I . !
By CwoEE JHPCN -
A.lda T. Iwashita
.Y ki K. Nakajima
_ batched MAGMA | | StarPU / OmpSs | by S
— T. Hiraishi J. Dongarra
HEXE

TEXTEY

M. Izadi (2012), Hierarchical Matrix Techniques on Massively Parallel Computers
S.Wang (201 3), Efficient Scalable Algorithms for Solving Dense Linear Systems with HSS
Y.Li (2016), Distributed-memory Hierarchical Interpolative Factorization

C.D.Yu (2016), INV-ASKIT:A Parallel Fast Direct Solver for Kernel Matrices

@ - Complexity = Concurrency
g2 2 4/3 |
so bé000 BLR  O(N*/3) High
) @@= (@ H2(HSS) O(N) o

complexity-concurrency tradeoff
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My new C++ code

Opberator constructor
C++ Class P d
overload estructor
dense  low-rank hierarchical D=D+D Dense D(N,N)
[.=D*T, LowRank LR(D,rank)
D LR H H=H+H Hierarchical H(2,2)
D |LR H |LR H|H
LU decomposition D.trsm(L) LR1D | [LR]H R | H
-|D
D. Lii-'Di2
getrf( Any H structure
Hierarchical H(4,4
D |[—> J Hp.trsm(HL) (2,4)
L Ly 0 ]—1 [Du D12] BLR too
Lo1 Loz [Pz Do admissibility
I_ .getrf() _ | L1_11D11 L2_21D12 ] Weak AStro'ng
U, U= _—L2_21L21L1_11D11 + L2_21D21 —L2_21L21L1_11D12 + L2_21D22 _ B = V
Lii-'Di2 Dgemm(L’U) 12a L oW N
L A(laplaceld, randx, ,
getrf() trsm() D22'L2|U|2 rank, nleaf, admis, nblocks, nblocks);
e . T H H nested basis
20 225 .cemm(Hy, .
D21U -l | D2-L2iU2 o, DZ & L11( Lll; U:Jl) o
trsm() gemm() [D21 D22] - [L21 L22] [Um U22]




GPU implementation

Batch KBLAS

intel Vg
batch GEMM Math Kernel 72,?0 : OmpSs ‘ wos T

batch GEMV Library I 553
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- i & > E W o
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2> |_ B & us s Sw
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1100 Nvidia P100 S & , | b \dwdr
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FP16 or FP32 FP16 FP16 FP16 or FP32

Low precision

1 1 1 1 1 1 1 1 Il 1 L 1 1 1 -4
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Matrix Size r +dense
| —© low-rank

|| —e—hierarchicall

Contents lists available at ScienceDirect

Parallel Computing

107

journal homepage: www.elsevier.com/locate/parco

Batched QR and SVD algorithms on GPUs with applications in
hierarchical matrix compression

@ CrossMark

Wajih Halim Boukaram®*, George Turkiyyah", Hatem Ltaief?, David E. Keyes*®

batch QR
batch SVD dense low-rank hlerarchlcal
batch RSVD o7l e Joprank, PerariEl
batch ACA (variable M,N,K) 10° 10* 10° 10°

single precision error
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H1T%l & Kronecker A+

Hidden Yq data (label)

softmax

Yp model (output)

Hierarchical Low-rank?

Fisher Matrix .
" |00Mx100M =
X / .
0sT 0 -
69 80 nm X nm / -
i i \ nNXn mxm

~ QS W

Kronecker Factorization

77
it

Cross entropy loss function

J(0) = Eq(—log pe(y/x))
— Z —q(y|x) log pe(y|x)

(x,9)
=Y {—yqlogy, — (1 — yg) log(1 — yp)}

= iﬁ(x, 0)

Back propagation
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